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As reflection symmetry or space-time inversion symmetry is preserved, with a non-contractible integral loop
respecting the symmetry in the Brilliouin zone, Berry phase is quantized in proper basis. Topological nodal
lines can be enclosed in the integral loop and pi-Berry phase topologically protects the nodal lines. In this work,
we show that to have quantized Berry phase restricted by the symmetry in any crystal structure, we choose to
use the cell-periodic convention and define the origin point in the real space at one of the reflection (inversion)
centers. In addition, pi-Berry phase is not the sufficient condition leading to the presence of the stable surface
states. Their presence crucially depends on the location of the termination and the crystal structure in the unit
cell. By using these new conditions we further reexamine if stable surface states exist in the known topological
nodal line materials stemming from reflection symmetry or space-time inversion symmetry.
I. INTRODUCTION
The topological states of matter in solid state systems have
attracted scholarly attentions in the physics community. The
key signature in most of the topological states is the pres-
ence of the stable boundary states1,2, which are robust against
symmetry-preserving disorders. Under symmetry operations,
the entire topological systems are always invariant. A topo-
logical invariant, which is quantized by the symmetries, char-
acterizes a topological system and determines the number of
the stable boundary states3–5. In particular, the robustness of
the boundary states leads to universal physical observables,
such as quantized Hall conductance6. One of the prominent
examples is Majorana bound states protected by particle-hole
symmetry7–9; the non-zero Z2 invariant defined in the 1D su-
perconductor indicates the appearance of the Majorana bound
state.
In the ten-fold classification of topological insulators and
superconductors10–14, the non-zero strong indices of the
topological invariants indicate that stable surface states are
present at any termination on any surface as illustrated in
Fig. 1(a). Since time reversal symmetry, particle-hole sym-
metry, and chiral symmetry in the ten-fold classification are
non-spatial, any termination alone on any surface always pre-
serves the non-spatial symmetries, which protect the surface
states. Furthermore, for topological crystalline insulators and
superconductors15–20, the crystalline symmetries are spatial so
that the stable surface states can be present at any termination
on the surface preserving crystalline symmetries as illustrated
in Fig. 1(b). In these topological systems, surface states are
always present on the surface individually preserving the sym-
metries. This is known as the standard bulk-boundary corre-
spondence in topological systems.
It has been experimentally observed that drumhead surface
states appear21,22 on the surfaces of topological nodal line
semimetals. The bulk nodal lines are protected by reflection
symmetry or space-time inversion symmetry (the combination
symmetry of time-reversal and space inversion)23–26. The sur-
face hosting the drumhead surface state alone is not invariant
under the symmetry operation as illustrated in Fig. 1(c). The
drumhead surface state is not protected by the symmetries,
which are preserved in the entire system. This is another type
of topological crystalline surface states. The problem can be
simplified to the 1D wire problem that the bulk is invariant
under reflection (space-time inversion) operation and one wire
end is mapped to the other end. The Berry phase as a topolog-
ical invariant is quantized when the symmetry operators are
momentum-independent27. Although it has been shown that
pi-Berry phase leads to the presence of the symmetry-protected
end state and the termination of the surface must include a
reflection (inversion) center28, the criterion determining the
presence of the stable end state in these systems has not been
studied throughly. Furthermore, once the symmetry operators
are momentum-dependent, unfortunately the Berry phase can-
not be quantized in general and the stable end state might be
absent.
In this manuscript, we consider the relation between the
Berry phase and the stable end state in the presence of re-
flection symmetry and space-time inversion symmetry re-
spectively. Space-time inversion symmetry indicates that the
system is invariant under the combined operations of time-
reversal and space inversion and its symmetry operator is la-
belled by TP. In the following, we always consider TP2 = 1
corresponding to spinless systems since only space-time in-
version symmetry with TP2 = −1 cannot lead to protected
nodal lines29.
To compute the Berry phase, the bloch wavefunctions are
usually written in the two conventions (unit-cell and cell-
periodic) to compute topological invariants. The reason to
choose the unit-cell convention is that all topological invari-
ants in the ten-fold classification of topological insulators and
superconductors12,14,30 are defined in this convention and are
always gauge invariants. Therefore, we examine the Berry
phase in this convention, which is called the intercellular Zak
phase28. In the cell-periodic convention the Berry phase as
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FIG. 1. Stable surface states are present on the surfaces of the topological systems. The systems (b,c) preserve reflection symmetry with
the orange reflection planes. (a) the topological insulators and superconductors in the ten-fold classification possess gapless surface states
protected by symmetries at any termination on any surface. The key reason for the protection is that each surface is invariant under the non-
spatial symmetry operations. (b) the stable gapless surface states appear at any termination on the surface preserving the reflection symmetry.
(c) the drumhead surface state connecting the topological nodal ring appears on the surface, which does not preserve the reflection symmetry
individually. The presence of this surface state depends on the details of the termination.
the Zak phase31 corresponds to electronic polarization32,33 in
the 1D system with the terminations. Furthermore, the value
of this Zak phase depends on the choice of the spatial origin
point28,34. However, it has not been discussed before that the
Berry phases quantized by the symmetry relies on the specific
choice of the convention and the origin point; the fundamental
reason that pi-Berry phase leads to the presence of the surface
state is missing in the literature.
To simplify the problems of the quantized Berry phase and
the surface state, we focus on only 1D tight-binding systems
at the beginning since the physics can be easily extended to
higher dimensions. The Hamiltonians in the unit-cell conven-
tion are defined based on the hopping terms written in the dis-
tance between the different unit cells and is invariant under
momentum shift k → k + 2pi. The hopping terms in the cell-
periodic convention is based on the physical distance of the
atoms so that H(k + 2pi) = H(k) does not hold in general.
Hence, the wavefunction can be written in the different con-
ventions: the unit-cell convention |φk, j〉 and the cell-periodic
convention (atom-distance) |uk, j〉. The relation between the
two conventions is given by
Uβα(k)|φk, j〉α = |uk, j〉β, (1)
where label j indicates the wavefunctions at the different en-
ergy levels E j, labels α, β represent generic atom and or-
bital indices, U is in the form of a diagonal unitary matrix
U(k) = diag(e−ikr1 , e−ikr2 , . . .), rα is the location of the α-th
atom in unit cell. We remove r-dependence in the Bloch
wavefunction since in the tight-binding model each orbital
is located at one point and this simplification does not al-
ter the fundamental physics of the surface states discussed
in this manuscript. The wavefunction |uk, j〉 is known as the
cell-periodic functions and the wavefunction in the unit-cell
convention obeys |φk, j〉 = |φk+2pi, j〉. We note that the choice of
the origin point is important since the unitary matrix U can be
changed by redefining the locations of the atoms.
In the unit-cell convention, when reflection (inversion) cen-
ter is not located at the unit cell center, the operators of these
two symmetries might be momentum-dependent in the lattice
model. In the manuscript, we show that once the symmetry
operators are momentum-dependent, the Berry phase can not
be guaranteed to be quantized. In the cell-periodic convention,
the Berry phase can be quantized when reflection (inversion)
center is located at the spatial origin point. Furthermore, al-
though it was thought that pi Berry phase leads to the presence
of the surface state, the surface state might be even absent
when the termination does not include the reflection (inver-
sion) center.
The remainder of the manuscript is organized as follows.
In Sec. II in generic 1d reflection symmetric systems, we
show that the Berry phase in the unit-cell convention cannot
be quantized and in the cell-periodic convention can be quan-
tized when the reflection is at the spatial origin. The criterion
of the stable surface state is throughly discussed in Sec. II A.
In Sec. II B, CaAgAs is the example failing the surface state
criterion of the reflection symmetry but possessing the surface
state protected by other symmetries. In Sec. III, for space-time
inversion symmetry we use the similar analysis to discuss the
Berry phase and the surface state. We provide the example
of the space-time inversion symmetric system (CaP3) to show
that the appearance of the stable surface state stems from other
symmetries in Sec. III A, when the surface state criterion of
the space-time symmetry is not obeyed. In Sec. IV, we sum-
marize the criterion of the stable surface state in the reflec-
tion (space-time inversion) symmetric systems. Some techni-
cal details are relegated to Appendix.
3II. BERRY PHASE WITH REFLECTION SYMMETRY
To study the relation between the Berry phase and the sur-
face state in reflection symmetric systems, we consider a 1D
chain with lattice constant a = 1 and examine the Berry
phases in these different conventions.
We first consider a 1D model preserving reflection sym-
metry in the unit-cell convention so the Hamiltonian in the
momentum space obeys
R−kH(−k)Rk = H(k), (2)
where the reflection operator obeys R†k = R−k and R−kRk = 1.
The momentum label k in Rk indicates the reflection symmetry
operator might be momentum-dependent. By assuming the
absence of energy degeneracies, the reflection symmetry acts
the wavefunctions |φk, j〉 in the unique expression
|φ−k, j〉 = e−iα
j
kRk |φk, j〉. (3)
The reflection phase α jk connects the wavefunction at ±k. It
has been shown that as Rk is momentum-independent, the
Berry phase is quantized to 0 or pi [27]. Now we carefully
consider the Berry phase with the momentum-dependent re-
flection operator. The integral path of the Berry phase has to
be invariant under reflection to potentially quantize the Berry
phase. In this 1D model, we simply choose the integration
path as the entire 1D BZ and write the Berry phase (the intra-
cellular Zak phase in [28]) in the integral form
P = −i( ∫ pi
0
+
∫ 0
−pi
) ∑
E j<EF
〈φk, j|∂k |φk, j〉dk
= −i
∫ pi
0
∑
E j<EF
〈φk, j|∂k |φk, j〉dk
+i
∫ pi
0
∑
E j<EF
〈φk, j|R†keiα
j
k∂ke−iα
j
kRk |φk, j〉dk
=
∑
E j<EF
(α jpi − α j0) + i
∫ pi
0
∑
E j<EF
〈φk, j|R†k(∂kRk)|φk, j〉dk (mod 2pi),(4)
where EF is the Fermi level. We have R20 = R
2
pi = 1
35 so
α
j
0, α
j
pi are either 0 or pi; the first term is quantized and given
by ∑
E j<EF
(α jpi − α j0) = 0, pi (mod 2pi), (5)
where n is an integer. The second term in Eq. 4 vanishes when
the reflection operator Rk is momentum-independent. That
is, physically when the reflection image of each atom in the
unit cell is in the same unit cell as shown in Fig. 2(a), the
reflection center is at the unit cell center and Rk does not de-
pend on k. Hence, the Berry phase under reflection symme-
try is either 0 or pi, since 2pi phase can be removed by large
U(1) gauge transformation. Furthermore, in the unit-cell con-
vention Hk=pi = Hk=−pi so that at the high symmetry points
(k0 = 0, pi) the reflection symmetry operator Rk0 commutes
with the Hamiltonian Hk0 ; hence, we can further define n
+
0
and n+pi as the number of the occupied states in the Rk0 = 1
eigenspace at k0 = 0, pi respectively in the form of
n+k0 =
∑
E j<EF
〈φk0, j|
1 + Rk0
2
|φk0, j〉 (6)
We note that in the cell-periodic convention Hk=pi = Hk=−pi
does not hold so that n+pi at k = pi is ill-defined. The reflec-
tion occupation numbers are directly related to the reflection
phases
(−1)n+0 +n+pi = ei
∑
E j<EF (α
j
pi−α j0). (7)
Hence, pi Berry phase corresponds to odd number of n+0 + n
+
pi .
We note that due to momentum-independent Rk, (−1)n+0 +n+pi =
(−1)n−0 +n−pi , where n−0 and n−pi is the number of the occupied
states in the Rk0 = −1 eigenspace at k0 = 0, pi.
However, as Rk is momentum-dependent, the reflection
symmetry operator has a generic block-diagonalized form
Rk = φi1 j1e
in1k ⊕ φi2 j2ein2k ⊕ . . . ⊕ φiN jNeinNk, (8)
where φil jl is a unitary matrix obeying
∑
jl φil jlφ jlkl = δilkl (due
to R−kRk = 1), n j indicates atoms in the (n j + i)-th unit cell are
reflected to atoms in the (−i)-th unit cell as shown in Fig. 2(b),
and we use the lattice constant a ≡ 1. We have
R†k∂kRk = in1δi1 j1 ⊕ in2δi2 j2 ⊕ . . . ⊕ inNδiN jN . (9)
Unfortunately, generic state |φk, j〉 might mix at least two dif-
ferent blocks in Rk and preserves the reflection symmetry.
Non-quantized i
∫ pi
0
∑
E j<EF〈φk, j|R†k(∂kRk)|φk, j〉dk leads to un-
quantized Berry phase (see the example in Appendix A 1).
Since it has been mistakenly showed in Ref. 24 and 25 that
this term can be quantized as Rk is k-dependent, it is important
to show the Berry phase is not always quantized in the unit-
cell convention and the unquantized quantity cannot be used
to study the presence of the surface state. Furthermore, the
odd occupation number, which cannot lead to pi Berry phase,
is not qualified to determine the topology in the 1d chain.
Next we study the Berry phase in the cell-periodic con-
vention. In this convention, the reflection symmetry opera-
tor can be decomposed to k-independent matrix with a global
k-dependent phase
R′k = e
2ikdmRo, (10)
where Ro is a k-independent matrix and dm is the distance be-
tween the origin point and the location of the reflection center
(see Appendix A 2 for the proof). Here, we define the origin
point is located at one of the centers of the unit cells. Simi-
larly, the wavefunctions at ±k has the same relation stemming
from reflection symmetry
|u−k, j〉 = e−iα
j
kR′k |uk, j〉 (11)
The Berry phase in this convention is given by
4(a)
(b) A B
FIG. 2. The pink dashed lines represent the reflection center and
the green boxes represent the unit cells. The reflection operator in
the x direction is given by Rx = σx (i is neglected) for the spin-1/2
systems. (a) the reflection center is located at the center of the unit
cell. All of the atoms in one unit cell are reflected to the same unit
cell and spin up and down flip under the reflection operation. (b)
while the reflection of the yellow atom is itself in the same unit cell,
the red atom is reflected to another unit cell. This discrepancy leads
to k-dependent reflection operator. The reflection operation does not
change the spins in the x direction.
P′ = −i
∫ pi
−pi
∑
E j<EF
〈uk, j|∂k |uk, j〉dk
=
∑
E j<EF
(α jpi − α j0) + i
∫ pi
0
∑
E j<EF
〈uk, j|R†k(∂kRk)|uk, j〉dk
= npi − 2dmnopi (mod 2pi), (12)
where no is the number of the occupied bands (see an ex-
ample in Appendix A 3). Hence, P′ is quantized (0, pi) as the
reflection center is located at the unit cell center and boundary
(dm = 0, 0.5a). The two different values of the Berry phase
indicates the two distinct topological phases. The polarization
of the occupied Wannier functions has this relation with the
Berry phase31,36
a
2pi
P′ =
∑
E j<EF
∫
Ω
x|φ j(x)|2dx = X¯ mod a, (13)
where Ω is the region of the single unit cell. Since the origin
point is chosen at the unit cell center, the center of the wave-
functions are located at the unit cell center as P′ = 0. On the
other hand, as P′ = pi, the center of the wavefunctions is lo-
cated at the unit cell boundary, which is a half lattice constant
away from the origin point.
A. Surface states
In the literature, it has been shown that stable surface states
appear as Berry phase is pi. However, to have the stable surface
states, the location of the termination plays an important role
to determine the presence of the stable surface states.
A straightforward way to understand the presence of sur-
face states is from the center of the occupied Wannier func-
tions. We choose the origin point to be a reflection center and
the unit cell center (dm = 0) so that the boundary of the unit
(a)
(b) x = 0(a/2) x = 0(a/2)
x = 0(a/2) x = 0(a/2)
FIG. 3. The Wannier function distribution in the reflection symmet-
ric wire. (a) the center of a single wavefunction is located at one of
the reflection centers (x = 0, a/2) with the Berry phase P′ = 0, pi.
The pi Berry phase indicates the center of the single wavefunction is
locked at x = a/2. The termination at x = a/2, which cuts the wave-
functions to two halves, leads to the presence of the stable surface
state. (b) the center of two wavefunctions is located at one of the
reflection centers and the Berry phase P′ = 0. The terminations at
the reflection center might not cut any wavefunction since the cen-
ter of each wavefunction can move freely with respect to reflection
symmetry. Therefore, the surface states might be absent.
cell (x = a/2) is also another reflection center. There are only
four possible locations of the Wannier functions preserving
reflection symmetry. (i) when the center of single or multi-
ple Wannier functions is located at the origin point (x = 0) as
shown in Fig. 3(a), the Berry phase in the cell-periodic con-
vention vanishes. (ii) when the center of a Wannier function
is off reflection center, due to the reflection symmetry, another
Wannier function, which is the reflection of the original wave-
function, is located at the other side of the reflection center.
The Berry phase of these wavefunctions should be zero (mod
2pi) since the center of the two wavefunctions is at either the
origin point or x = a/2 as shown in Fig. 3(b) (P′ = 0, 2pi).
(iii) when two Wannier functions are located at the unit cell
boundary, 2pi Berry phase P′, which is equivalent to zero
under the gauge transformation, indicates the wavefunction
can be smoothly deformed to two wavefunctions off reflection
center without breaking reflection symmetry as demonstrated
in Fig. 3(b). Therefore, no locked surface states are present
in any specific termination. (iv) when the center of a single
Wannier function is located at the boundary of the unit cell
(x = a/2) (Fig. 3(a)), the Berry phase P′ is given by pi. If the
center of the Wannier function moves away from the unit cell
boundary, in the absence of another wavefunction as the re-
flection image, the reflection symmetry is broken. Hence, the
center of the single Wannier function has to be locked at the
boundary of the unit cell by reflection symmetry. When the
unit cell boundary is chosen as the termination, this Wannier
function is always cut to halves to form a stable surface state,
which is similar with the presence of a Majorana bound state
in the Kitaev chain37, as illustrated in Fig. 4(a).
If the termination is at the origin point, which is one of the
reflection cetners, although zero-value Berry phase indicates
the center of Wannier functions located at the origin, the Wan-
5✂
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(a)
(b)
FIG. 4. The solid (dashed) lines represent the strong (weak) bonds
and the pink lines indicate the reflection centers. The Wannier func-
tion is located at the boundary of the unit cell. (a) the strong bond,
which connects the two atoms, can be cut to form a dangling end
state. (b) the strong bond is inside the orange atom sitting at the re-
flection center. Since it is impossible to separate the single atom, the
strong bond cannot be cut to form the dangling end state.
nier functions can be either locked or unlocked at the origin,
since in case (ii) the Wannier functions are away from the ori-
gin. Therefore, the Berry phase in this basis cannot determine
the presence of the stable surface state at this termination in-
cluding the origin point. To determine the presence of the
stable surface state we can simply exchange the definitions of
the unit cell boundary and the origin point and then compute
the new Berry phase in the same convention. The new origin
point, which was the old boundary of the unit cell, is still a
reflection center so that the Berry phase P′0 is quantized. Sim-
ilarly, pi Berry phase P′0 indicates the presence of a surface
state at the termination of the old origin point. Interestingly,
the number (n0) of the occupied surface states indicates the
relation of the surface states at these two different reflection
center terminations by eq. 12
(−1)n0 = ei(P′0+P′a/2), (14)
where P′a/2 is the Berry phase based on the previous origin
point. As n0 is even, the surface states appear or vanish at the
two different reflection centers at the same time. As n0 is odd,
only one reflection center as a termination can host a stable
surface state.
Thus, to have a stable surface state protected by reflection
symmetry, the termination must be located at a reflection cen-
ter. The example in Appendix B shows the absence of the
surface states when the termination is not located at any re-
flection center.
When the origin is located at the unit cell center, the re-
flection operator is momentum-independent, and the reflec-
tion center is at the origin dm = 0. The Berry phases in the
two conventions are identical
P =
∑
E j<EF
(α jpi − α j0) = P′ (15)
In this special case, the Berry phases in the two different con-
ventions are either 0 or pi. When P = P′ = pi, a surface state
protected by reflection symmetry appears at the boundary of
the unit cell center, which is a reflection center.
It is common in real materials that some atoms are ex-
actly located at the reflection centers. Once the termination
is made at the reflection center, those atoms are either com-
pletely removed or included in the sample so that the termina-
tion can never be located at any reflection center as illustrated
in Fig. 4(b). As the center of the Wannier functions is in these
atoms, the surface state might be absent in the termination
since the atom cannot be cut into two halves.
In another point of view, the atoms located at the boundary
of the unit cell, which is the reflection center, always leads to
the momentum-dependent reflection operator in the unit-cell
convention. Since the center of the unit cell is the other re-
flection center, the reflection images of the atoms inside the
unit cell are in the same unit cell as illustrated in fig. 2(a).
Therefore, the inside-atom part of the reflection operator is
momentum-independent. On the other hand, the atoms lo-
cated at the unit cell boundary must be reflected to another
boundary of the unit cell. Therefore, this part of the reflec-
tion operator must be momentum-dependent. In the unit-cell
convention, the Berry phase might be unquantized due to the
atoms at the unit cell boundary. This unquantized Berry phase
directly leads to the absence of the surface state.
The following example shows that when atoms are located
at the reflection centers, pi Berry phase in the cell-periodic
convention does not lead to the presence of the surface states
at any termination. Consider A and B atoms located at x =
0, a/2 respectively in the unit cell as shown in Fig. 2(b). The
atom configuration leads to the reflection centers at the atoms.
The reflection operator transformed from real space to mo-
mentum space is given by
Rˆ =
∑
j
(
A†− jA j + B
†
− j−1B j
)
(16)
=
∑
k
(A†−k B
†
−k)Rk
(
Ak
Bk
)
(17)
The matrix form of the reflection operator always depends on
momentum
Rk =
(
1 0
0 e−ik
)
. (18)
We simply consider the system only has sublattice potential
difference and same-atom hopping so that the Hamiltonian
can be written as
H = (m + cos k)σz (19)
preserving the reflection symmetry R−kH(−k)Rk = H(k),
where |m| > 1 to have the insulating phase. In the cell-periodic
convention, since the origin point is the reflection center and
the location of atom A, the expression of the occupied state is
given by
|uk〉 =
{
(1, 0)T , m < −1
(0, e−ik/2)T , m > 1 (20)
6the Berry phase is quantized
P′ =
{
0, m < −1
pi, m > 1 (mod 2pi) (21)
The pi Berry phase indicates the single occupied state located
at the boundary of the unit cell, which is the location of atom
B. Unfortunately, at the boundary the physical termination
cannot be cut the atom into two halves and all of the occupied
states are extended states (due to cos k) so the surface states
always are absent. When in the crystal structure the atoms are
located at a reflection center as a termination, stable surface
states are absent even if the Berry phase in the cell-periodic
convention is pi. We note that P′ = 0, pi correspond to the two
different trivial topological phases. That is, the two phases can
adiabatically connect to the two different atomic insulators by
turning off the hopping terms (cos k).
B. Examples: CaAgAs
The semimetals CaAgP and CaAgAs have been studied to
possess a stable 4-fold degenerate nodal ring protected by re-
flection symmetry along the z direction in the absence of the
spin-orbit coupling. Our focus is on CaAgAs to study the
physics of the surface states. It has been shown in the DFT
calculations25 and APRES experiment21 that a drumhead sur-
face state emerges from the bulk nodal ring. It was thought
that the presence of the drumhead surface state stems from
the reflection symmetry. However, the centers of the reflec-
tion symmetry are exactly located at the atoms as shown in
the crystal structure of Fig. 5(a). Any of two terminations
(Ca3As and Ag3As2) in CaAgAs on (001) surface is unable
to host a stable surface state protected by the reflection sym-
metry in the z direction since the termination cannot be at any
reflection centers. Hence, the presence of the surface states
does not stem from this reflection symmetry. In the following,
we show non-zero mirror Chern numbers from the reflection
symmetries perpendicular to the z direction leads to the sur-
face state.
The space group of CaAgAs (#189) has three non-
identity symmetry generators R¯z~r = (x, y,−z), C¯3~r =
(−x+
√
3y
2 ,
−y−√3x
2 , z), R¯x~r = (−x, y, z) [38]. Since the 4-fold de-
generate nodal ring is located kz = 0 plane, the low energy
effective model can be written near kz = 0
H(k‖, kz) = (k2‖ − m2)τx ⊗ σ0 + kzτy ⊗ σ0, (22)
where τα and σβ represent orbital and 1/2-spin indices re-
spectively, k‖ is (kx, ky), and m is a positive constant. The
nodal ring appears at kz = 0 and |k‖| = m. This effec-
tive Hamiltonian preserves time-reversal symmetry and the
crystalline symmetries of these three generators above. That
is, the Hamiltonian obeys TH(−k‖,−kz)T−1 = H(k‖, kz) with
time reversal symmetry operator T = τ0 ⊗ σyK , where K
is the complex conjugate operator. Likewise, the crystalline
symmetries lead to RzH(k‖,−kz)R−1z = H(k‖, kz) with Rz =
τx ⊗σz, C3H(C¯−13 k‖, kz)C−13 = H(k‖, kz) with C3 = τ0 ⊗ eipiσz/3,
RxH(−kx, ky, kz)R−1x = H(k‖, kz) with Rx = τ0 ⊗ σx. Fig. 5(b)
Ag
As
Mirror plane
Mirror plane
Ca
(b)
  > 0
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FIG. 5. (a) the crystal structure of CaAgAs shows the two mirror
planes. The atoms are exactly located in the mirror planes in the z
direction; hence, the reflection symmetry in the z direction cannot
lead to a stable surface state. (b) The BZ of CaAgAs is a Hexagon
prism and the two reflection planes in the two directions go through
the BZ. (c-e) the energy dispersion on (001) surface in the kx = 0
reflection plane. The presence of the spin-orbit coupling (δ) destroys
the nodal ring and leads to the non-zero mirror Chern number. The
chiral surface mode (red) is always present and connect near the two
points (ky = ±m) of the original nodal ring, when δ is either positive
or negative as illustrated in panel (c,d). Hence, even without the spin-
orbital coupling the surface state still appears and connects the nodal
ring in panel (e).
shows two reflection planes along the x and z directions. We
note that the identity matrix τ0 ⊗ σ0, which does not alter the
physics, is neglected although the identity matrix can be also
added in the Hamiltonian without breaking any symmetry.
In the absence of the spin-orbital coupling, because spin
SU(2) symmetry is preserved, the system can be treated as
two identical spinless systems h(k‖, kz) = (k2‖ − m2)τx + kzτy,
each 2-fold degenerate nodal ring is protected by the reflection
symmetry along the z direction since the two bands of the ring
correspond to the different reflection eigenvalues. However,
this reflection symmetry cannot lead to the presence of the
drumhead surface states due to the crystal structure (Fig. 5(a)).
To examine the surface states, we introduce the spin orbital
coupling, which breaks spin SU(2) symmetry and preserves
all of the other system symmetries. Hence, the spin-orbital
coupling destroying the nodal ring can be written as
δτz ⊗ (−kyσx + kxσy). (23)
We note that the spin-orbital coupling does not have the
7unique form. Under the symmetry constraints, the different
forms of the spin-orbital coupling do not change the surface
physics. Since the reflection symmetry in the x direction
is preserved, the mirror Chern number can be computed at
kx = 0 mirror plane at one of the reflection eigenspaces. We
consider the Hamiltonian projection in kx = 0 mirror plane
at Rx = 1 reflection eigenspace near the two lowest energy
points ky ∼ m, −m respectively
h(∆k+y , kz) ≈ 2m∆k+y τx + kzτy − mδτz, (24)
h(∆k−y , kz) ≈ −2m∆k−y τx + kzτy + mδτz, (25)
where ∆k±y = ky ∓ m. Since each of the lowest energy point
contributes sgn(δ)/2 Chern number, the Chern number M+c =
sgn(δ) at Rx = 1 is always non-zero. It is known that non-
zero Chern number always leads to the presence of the chiral
surface modes at any terminations. In other words, the sign
and strength of δ does not affect the presence of the surface
states as illustrated in Fig. 5(c,d). Thus, even in the absence
of the spin-orbital coupling δ = 0, the surface states should be
present at any termination as shown in Fig. 5(e). Due toC3 ro-
tation symmetry, the surface states appear at the three planes
(kx = 0, kx = ky/
√
3, kx = −ky/
√
3). Therefore, the presence
of the surface states in the nodal ring stems from the topolog-
ical phase transition between the two non-trivial topological
crystalline insulator phases preserving the reflection symme-
try in the x direction, although we note that the presence of the
surface states in the three reflection planes does not promise
the appearance of the drumhead surface state. The reflection
symmetry in the z direction is unable to promise the presence
of the stable surface states on (001) surface since the termina-
tions are not located at any reflection center.
III. SPACE-TIME INVERSION SYMMETRY
Space-time inversion (PT) symmetry, the composite sym-
metry of time-reversal and inversion, also can quantize the
Berry phase when dk is integrated along any closed loop
in any dimensions. Two distinct PT symmetries are distin-
guished by PT 2 = ±1. As PT 2 = −1, each band is 2-fold
degenerate and the 1d chain preserving this symmetry is al-
ways trivial20. Here we consider only PT 2 = 1, which can
be realized as electron systems without spin-orbital coupling.
Since time-reversal and inversion operators both flip k to −k,
the composite symmetry operators keep the same k. Unlike
the reflection symmetric systems, the closed integration path
can be arbitrarily chosen without breaking PT symmetry.
PT symmetry operator is the combination of a unitary ma-
trix and complex conjugation PT = VkK(PˆT = ∑C†kVkKCk);
the unitary matrix Vk in the unit-cell convention might be k-
dependent. The Hamiltonian preserving PT symmetry obeys
VkH∗(k)V∗k = H(k) (26)
By assuming the absence of degenerate states, the relation of
wavefunctions under PT symmetry is given by
|φk, j〉 = eiβ
j
kVk |φ∗k, j〉 (27)
In the unit-cell convention, the Berry phase with a non-
contractible integral path can be written as
P = − i
∮ ∑
E j<EF
〈φk, j|∂k|φk, j〉dk
= − i
∮ ∑
E j<EF
〈φ∗k, j|V†k e−iβ
j
k∂keiβ
j
kVk |φ∗k, j〉dk
=
∑
E j<EF
(β j+ − β j−) − i
∮ ∑
E j<EF
〈φ∗k, j|∂k|φ∗k, j〉dk
− i
∮ ∑
E j<EF
〈φ∗k, j|V†k (∂kVk)|φ∗k, j〉dk (28)
where β j∓ represent the phases at the beginning and the end of
the integration path respectively; hence, the first summation is
2npi, where n is an integer. We use the identity
〈φ∗k, j|∂k|φ∗k, j〉 =
〈
∂kφk, j|φk, j
〉
= −〈φk, j|∂k|φk, j〉 (29)
If Vk is momentum-independent, ∂kVk = 0 leads to quantized
Berry phase
P =
∑
E j<EF
(β j+ − β j−)/2 = 0, pi (mod 2pi) (30)
in the unit-cell convention. The requirement of k-independent
PT is that the inversion image of each atom in the unit cell
must be in the same unit cell since time reversal operation
does not change atom location. When the center of the unit
cell is the inversion center and no atoms are located at the unit
cell boundary, PT operator always is k-independent. If the
reflection image of the atoms in the same unit cell are located
at different unit cells, PT operator is k-dependent in the unit-
cell convention since the situation is similar with reflection
symmetry (cf eq. 18). However, in general Vk is momentum-
dependent, because the last term in 28 might be non-zero and
unquantized (see an example in appendix C 1).
Now we consider the Berry phase in the cell-periodic con-
vention. The space-time inversion operator in this convention
is given by
PT ′ = UVkUK = e−2i ~dm·~kV0K , (31)
where ~dm is the distance between the origin point and the in-
version center. (The proof is similar with the reflection opera-
tor in the cell-periodic convention in Append. A 2.) The Berry
phase in the cell-periodic convention is written as
P′ =
∑
E j<EF
(β j+ − β j−)/2 − 2pid‖mn0, (32)
where d‖m is the projection of ~dm along a non-contractable inte-
gral direction. For example, if the integral path is from kx = 0
to kx = 2pi, d
‖
m is given by the x-direction projection of ~dm.
As the integral path is a closed loop without passing through
the whole length of the Brillouin Zone, d‖m vanishes so that the
Berry phase is always quantized. On the other hand, when the
8unit cell center is chosen at an inversion center, ~dm vanishes.
Furthermore, in the unit-cell convention if PT is momentum-
independent, the Berry phases in the two conventions are iden-
tical P = P′ and quantized.
To discuss the presence of surface states, we consider (100)
surface and the remaining directions are in the periodic bound-
ary condition with momentum k˜. The integral path of the
Berry phase in the cell-periodic convention is chosen from
kx = 0 to kx = 2pi with fixed k˜. The center of the Wannier
function is given by
x¯(k˜) =
a
2pi
P′(k˜), (33)
which is identical to Eq. 13. By following the similar dis-
cussion in sec. II A, when an inversion center has the same x
position of the origin point, which is also the center of the unit
cell, and P′(k˜) = pi, a stable surface state can be present only
at the unit cell boundary as a termination, since the termina-
tion includes another inversion center at a half lattice constant
away from the origin. If some atoms are located at the unit cell
boundary, the surface state might be absent since the termina-
tion cannot include the inversion center. Furthermore, other
terminations, which do not include any inversion center, can-
not possess any stable surface states protected by space-time
inversion symmetry.
A. CaP3
When the system preserves only space-time inversion sym-
metry, a stable surface state can be present only at the ter-
mination passing through the inversion center. If the inversion
centers are away from the termination, the presence of the sur-
face state might not stem from space-time inversion symme-
try. Once a surface state appears on the surface not including
any inversion center, this surface state must be protected by
other symmetries or can be adiabatically removed to become
the bulk state.
The following example of CaP3 shows that the presence of
the surface state at the termination not including any inver-
sion center stems from time-reversal symmetry. It has been
computed in the ab initio simulation that CaP3 possesses a 4-
fold degenerate nodal ring at kz = 0 plane and its surface state
connecting the nodal bulk ring appears on the (001) surface
passing through the inversion center39 as shown in Fig. 6(a,b).
The space group of the material is P1¯ (SG #2), which has
only inversion symmetry. Since the system also preserves
time-reversal symmetry and spin-SU(2) symmetry, the nodal
ring can be block-diagonalized to two spinless nodal rings and
these nodal rings are protected by space-time inversion sym-
metry. Interestingly, we further discover that even if the ter-
mination does not include the inversion centers, the (001) sur-
face at any termination possesses the surface states as shown
in Fig. 6(c,d). In this regard, the presence of the surface states
is not related to space-time inversion symmetry. Instead, the
non-zero Z2 time-reversal topological invariant leads to the
presence of the surface state at any termination.
Ca
P
(a) (b)
Ca
P
Termination
Termination
(c) (d)
FIG. 6. (a,c) show the crystal structure of CaP3. The black
points represent the inversion centers. The terminations on the top
with/without the inversion center in panel (a)/(c). (b,d) show for the
termination (a,c) respectively on the (001) surface the surface state
comes out from the bulk nodal ring in the energy dispersion. There-
fore, the surface state still appears even when the termination does
not include the inversion center.
(a) (b)
FIG. 7. (a) the surface Dirac cone is present when the nodal ring is
gapped due to the non-zero Z2 time-reversal invariant. Since the Z2
time-reversal invariant is well-defined in the presence of the nodal
ring and non-zero, the surface state coexists with the nodal ring as
illustrated in (b).
The low-energy Hamiltonian near the mirror plane kz = 0
describing the 4-fold degenerate nodal ring can be written as
H(k‖, kz) = (k2‖ − m2)τx ⊗ σ0 + kzτy ⊗ σ0, (34)
where σα indicates spin degree of freedom while τβ indicates
two different atom locations. The system preserves time re-
versal symmetry
TH(−k)T−1 = H(k) (35)
with T = τ0 ⊗σyK and inversion symmetry with P = τx ⊗σ0.
The matrix τx represents the exchange of the two atom po-
sitions under inversion. When spin-SU(2) symmetry is pre-
served, the nodal lines at k‖ = m are protected by space-time
inversion symmetry with PT 2 = 1 in the two effective spinless
Hamiltonian.
Since inversion symmetry and time-reversal symmetry are
preserved, we can compute the Z2 time-reversal topological
invariant at high symmetry points even if the entire system is a
semimetal40. In this low-energy model, we focus on four high
9symmetric points (0, 0, 0), (pi, 0, 0), (0, pi, 0), (pi, pi, 0) by as-
suming no band inversion at the other high symmetric points.
The Z2 invariant is given by the number occupied kramer’s
pair in P = −1 eigenspace
NZ2 = δ0,0δpi,0δ0,piδpi,pi = −1. (36)
Therefore, the nontrivial Z2 invariant leads to the presence of
the surface states at any termination since the Z2 time-reversal
invariant is not sensitive to the location of the termination.
While we relax spin SU(2) symmetry, several candidates,
which can destroy the nodal lines, are given by
τz ⊗ σ0, τz ⊗ σx, τz ⊗ σy, τz ⊗ σz (37)
Although τz⊗σ0 preserves spin SU(2) symmetry, o(k)τz⊗σ0
breaks time-reversal symmetry and e(k)τz ⊗ σ0 breaks inver-
sion symmetry, where o(k)/e(k) is an odd/even function of k.
Therefore, τz ⊗ σ0 is forbidden by the symmetries. On the
other hand, o(k)τz ⊗ σ j, which preserves both time-reversal
symmetry and inversion symmetry, is allowed to be intro-
duced in the Hamiltonian (34). To completely gap out the
nodal lines, symmetry preserving terms kxτz⊗σx and kyτz⊗σy
can be added so that the entire system becomes a non-trivial
Z2 strong time-reversal symmetric topological insulators. As
illustrated in Fig. 7(a), the surface surface Dirac cone connects
the gapped nodal ring in the non-trivial Z2 topological insula-
tor. The gapless surface states, which may not stem from the
Berry phase quantized by space-time inversion symmetry, can
be present at any terminations. Thus, without the spin-orbital
coupling, in Fig. 7(b) the surface state naturally appears at any
termination due to the non-zero Z2 time-reversal invariant.
IV. CONCLUSION
The presence of the surface surface protected by reflection
symmetry requires the restrict conditions. First, the termina-
tion, which is the boundary of the unit cell, must be at one
reflection center. By moving the spatial origin point to the
center of the unit cell, which is another reflection center, the
Berry phase in the cell-periodic convention is either 0 or pi
(mod 2pi). These two values correspond the two distinct topo-
logical phases. However, the pi-Berry phase is not enough to
lead to the presence of the stable surface state at the selected
termination. Second, it requires that no atoms can be exactly
located at the termination having the reflection center. Since
the termination cannot cut any atom into halves, the termi-
nation has to move away from the reflection center and then
the surface state loses the symmetry protection. When there
are no atoms at the reflection center termination, which is the
unit cell boundary, the reflection symmetry operator with the
reflection center at the unit cell center can be momentum-
independent. The Berry phase in the unit-cell convention is
quantized and identical to the one in the cell-periodic conven-
tion. Finally, under those conditions the pi-Berry phase leads
to the presence of the protected surface state at the unit cell
boundary. Space-time inversion symmetry shares the same
criterion of the stable surface state with reflection symme-
try. Hence, this is a completely different type of the stable
surface states, since the termination condition plays an im-
portant role to determine the presence of the stable surface
states. Conventional topological (crystalline) insulators and
superconductors have simpler requirements for the stable sur-
face state as shown in Fig. 8.
Since the presence of the stable surface state deeply de-
pends the choice and conditions of the termination, the sta-
bility of the drumhead surface states in most of the topolog-
ical nodal line semimetals have to be reexamined (Mackay-
Terrones crystals41, Cu3NPd42,43, CaTe44, Ca3P224, BaSn245,
Hyperhoneycomb Lattices46, PbTaSe222, TlTaSe247). Al-
though the nodal lines are protected by reflection symmetry
or space-time inversion symmetry, the drumhead surface state
at the terminations away from the symmetry centers might
lose the symmetry protection. The protection might stem from
other symmetries.
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Appendix A: Reflection symmetry
1. Unquantized Berry phase in unit cell convention
We can further show the Berry phase is unqauntized and
cannot be connected to the reflection occupation number
n+0 + n
+
pi by using a simple example of a reflection symmet-
ric Hamiltonian in the unit-cell convention. The system can
be realized as a 1D spinless chain with the unit cell including
two distinct atoms. The tight-binding model is written as
Hˆr =
∑
j
(
m(A†jA j−B†jB j)+(A†jB j−1 +B†jA j+1 +A†jB j+B†jA j)
)
.
(A1)
Fig. 9 shows the system preserves reflection symmetry and the
reflection centers are located at either atom A or atom B. The
Hamiltonian in the momentum space is rewritten as
Hr(k) = (1 + cos k)σx + sin kσy + mσz, (A2)
in the basis of (Ak, Bk) for the Pauli matrices σi. The reflection
operator (18) with the reflection center located at atom B is
momentum-dependent
Rk =
(
1 0
0 e−ik
)
. (A3)
The Hamiltonian, which obeys RkHr(k)R−1k = Hr(−k) (eq. 2),
has two eigenenergies
E± = ±
√
m2 + 2 + 2 cos k (A4)
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FIG. 8. The criteria leading to the stable surface states for three different topological systems. (a) for the ten-fold classification, once the
topological invariant is non-zero, gapless stable surface states are present at any termination on any surface. (b) for topological crystalline
insulators and superconductors, the surface alone has to preserve the crystalline symmetries as an additional condition to host gapless stable
surface states. (c) for reflection symmetry and space-time inversion symmetry, when the surface alone is not invariant under the symmetry
operation. The criterion of the stable surface state is much more complicated.
We compute the Berry phase of the normalized negative en-
ergy state, which is given by as m > 0
|φm+− (k)〉 =
1√
2E+(E+ + m)
(
1 + cos k − sin ki
−E+ − m
)
(A5)
The wavefunctions at k,−k are connected by the reflection op-
erator
Rk |φm+− (k)〉 = |φm+− (−k)〉 (A6)
Hence, α0, αpi vanishes in Eq. 4 so that the Berry phase is given
by
P = i
∫ pi
0
〈φ−|R†k(∂kRk)|φ−〉dk (A7)
Except for k = 0, pi, the wavefunction cannot be block diago-
nalized by the reflection operator; therefore, the wavefunction
mixture leads to unqauntized i
∫ pi
0 〈φ−|R†k(∂kRk)|φ−〉dk. Hence,
the unqauntized Berry phase can be directly revealed in its
analytic solution
P = − 1
2
(
pi − 2mK(
4
4+m2 )√
4 + m2
)
, (A8)
where K(a2) =
∫ pi/2
0
dθ√
1−a2 sin2 θ
is the incomplete elliptic inte-
gral of the first kind.
The reflection occupation number can be easily computed
by using eq. 6. For m > 0, n+0 + n
+
pi = 1 since one of the
A B
mm m  m m m
FIG. 9. The simple two-atom model preserving reflection symme-
try demonstrates the Berry phase in the unit-cell convention is not
quantized.
entries in the reflection operator Rk flips the sign. The Berry
phase, which is not quantized, is not related with this reflec-
tion occupation number. Furthermore, since all of the atoms in
this system are located at the reflection centers and the occu-
pied states all are extended, the stable surface states protected
reflection symmetry are always absent (sec. II A). The odd oc-
cupation number n+0 +n
+
pi cannot be an indicator leading to any
physical feature for momentum-dependent reflection operator.
2. Reflection operator in the cell-periodic convention
The matrix form of the reflection operator in the cell-
periodic convention is simpler than the one in the unit-cell
convention. In this section, we show that the reflection oper-
ator can be written in the form of a momentum-independent
matrix with a momentum-dependent global phase in Eq. 10.
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<latexit sha1_base64="yO2Zn07+38O Uq6e0Q1M8YE1mzNk=">AAAIfXicfVVbb9s2FFa7S9zs1m6PfWGnFkhXxbCcoGn31G JIlgJD4KVJerFcg6IomTB1CUklNlj1T+x1+2H7NduhZLuW5FaATep8Hw/PXX7GmV S93r83bn7x5Vdfb3VubX/z7Xff/3D7zo8XMs0Foeck5al47WNJOUvouWKK09eZoDj 2OX3lT38z+KsrKiRLkzM1z+goxlHCQkawAtGb3dmjfjCOH7nj23av+/TJ4/7+Y9Tr 9noHbt81m/7B/t4+ckFiHttaPIPxna13XpCSPKaJIhxLOXR7mRppLBQjnBbbXi5ph skUR3QI2wTHVI50aXGBHoAkQGEq4JcoVErXT2gcSzmPfWDGWE1kEzPCTdgwV+GTk WZJliuakOqiMOdIpci4jwImKFF8DhtMBANbEZlggYmCINVuURNB4UUohf2GP3oCqo SgYbG9yTAH/IeY09BZeGFW46d0IoGzCSMzJ865YiK9dkrXHT92FJ0pksaZY1SoNOW yfieYgk1B1KVSEK5m9Whjzh0SK5aN9GxepxvdQoZykxIHioo7MvdDFuWi4XE9Gk5Q +uP4fgwh2PYgHhPIsCkp/fyPwe+HJ0VdeHhx1hYO3pwdv3huYhjQ0BPUdvUOLKG23 eJhUUkHofaM0WlWrSLWg7AoFuiZaKFnYoXKKPkIm/ACDLIST+g1BDvGSaA9wv0C/ k0itM9z2sbFChc0aMPxCobugn7AbUq0opA5Tpq4Ty8L8x+xRNPLvAxPk0NLDoXtpx igBQuB52uqkkrQVrUkVvo2006hwIfuSMPa/eCliZkxhClq8lMgVCe/pKQkwwrkRRZ bLPDBkA4vux/WUt1kQQGWtCMWfUYXsOSSJj/D8yWLYgy+xn46g9eUB6Yo7nul/H7T a/W2qKpGKf22BU4BVIwHFBSFaFp4gkUTBeFLr9FuDQE7GoZkJoODsT7ZdYt32oNq BEFh6n+ddQVXLFVUdZxIDfSrbIITlcb6l1WB01kGw8x27b69B2c4TiJOke2i93C33 UdmtfeQJ0pgeYocA5dgjo6Xkgnm0GYhTEHtFrq/6p9cVX0jQ/3yvNjpP/wIpA0EjB y7C3h6pL0phbOOcRIdFZ7TjCNMlTJ1w9LTQRiqe7+iMnujZlELXDLXvWtQ4K6S8t6 AS2dbWkpW3yiioUK1YEGoqjxuOuyd6uVwQfqFd++0MT+8kzp+0povfll9VUtmwBR s1urIkmKacUWAL/Lys4s+vbnod91e1/1z3372dPFt7lh3rZ+tHcu1Dqxn1rE1sM4t YsXWX9bf1j9b/3UedJxOt6LevLE485NVezoH/wMmeRSQ</latexit><latexit sha1_base64="yO2Zn07+38O Uq6e0Q1M8YE1mzNk=">AAAIfXicfVVbb9s2FFa7S9zs1m6PfWGnFkhXxbCcoGn31G JIlgJD4KVJerFcg6IomTB1CUklNlj1T+x1+2H7NduhZLuW5FaATep8Hw/PXX7GmV S93r83bn7x5Vdfb3VubX/z7Xff/3D7zo8XMs0Foeck5al47WNJOUvouWKK09eZoDj 2OX3lT38z+KsrKiRLkzM1z+goxlHCQkawAtGb3dmjfjCOH7nj23av+/TJ4/7+Y9Tr 9noHbt81m/7B/t4+ckFiHttaPIPxna13XpCSPKaJIhxLOXR7mRppLBQjnBbbXi5ph skUR3QI2wTHVI50aXGBHoAkQGEq4JcoVErXT2gcSzmPfWDGWE1kEzPCTdgwV+GTk WZJliuakOqiMOdIpci4jwImKFF8DhtMBANbEZlggYmCINVuURNB4UUohf2GP3oCqo SgYbG9yTAH/IeY09BZeGFW46d0IoGzCSMzJ865YiK9dkrXHT92FJ0pksaZY1SoNOW yfieYgk1B1KVSEK5m9Whjzh0SK5aN9GxepxvdQoZykxIHioo7MvdDFuWi4XE9Gk5Q +uP4fgwh2PYgHhPIsCkp/fyPwe+HJ0VdeHhx1hYO3pwdv3huYhjQ0BPUdvUOLKG23 eJhUUkHofaM0WlWrSLWg7AoFuiZaKFnYoXKKPkIm/ACDLIST+g1BDvGSaA9wv0C/ k0itM9z2sbFChc0aMPxCobugn7AbUq0opA5Tpq4Ty8L8x+xRNPLvAxPk0NLDoXtpx igBQuB52uqkkrQVrUkVvo2006hwIfuSMPa/eCliZkxhClq8lMgVCe/pKQkwwrkRRZ bLPDBkA4vux/WUt1kQQGWtCMWfUYXsOSSJj/D8yWLYgy+xn46g9eUB6Yo7nul/H7T a/W2qKpGKf22BU4BVIwHFBSFaFp4gkUTBeFLr9FuDQE7GoZkJoODsT7ZdYt32oNq BEFh6n+ddQVXLFVUdZxIDfSrbIITlcb6l1WB01kGw8x27b69B2c4TiJOke2i93C33 UdmtfeQJ0pgeYocA5dgjo6Xkgnm0GYhTEHtFrq/6p9cVX0jQ/3yvNjpP/wIpA0EjB y7C3h6pL0phbOOcRIdFZ7TjCNMlTJ1w9LTQRiqe7+iMnujZlELXDLXvWtQ4K6S8t6 AS2dbWkpW3yiioUK1YEGoqjxuOuyd6uVwQfqFd++0MT+8kzp+0povfll9VUtmwBR s1urIkmKacUWAL/Lys4s+vbnod91e1/1z3372dPFt7lh3rZ+tHcu1Dqxn1rE1sM4t YsXWX9bf1j9b/3UedJxOt6LevLE485NVezoH/wMmeRSQ</latexit><latexit sha1_base64="yO2Zn07+38O Uq6e0Q1M8YE1mzNk=">AAAIfXicfVVbb9s2FFa7S9zs1m6PfWGnFkhXxbCcoGn31G JIlgJD4KVJerFcg6IomTB1CUklNlj1T+x1+2H7NduhZLuW5FaATep8Hw/PXX7GmV S93r83bn7x5Vdfb3VubX/z7Xff/3D7zo8XMs0Foeck5al47WNJOUvouWKK09eZoDj 2OX3lT38z+KsrKiRLkzM1z+goxlHCQkawAtGb3dmjfjCOH7nj23av+/TJ4/7+Y9Tr 9noHbt81m/7B/t4+ckFiHttaPIPxna13XpCSPKaJIhxLOXR7mRppLBQjnBbbXi5ph skUR3QI2wTHVI50aXGBHoAkQGEq4JcoVErXT2gcSzmPfWDGWE1kEzPCTdgwV+GTk WZJliuakOqiMOdIpci4jwImKFF8DhtMBANbEZlggYmCINVuURNB4UUohf2GP3oCqo SgYbG9yTAH/IeY09BZeGFW46d0IoGzCSMzJ865YiK9dkrXHT92FJ0pksaZY1SoNOW yfieYgk1B1KVSEK5m9Whjzh0SK5aN9GxepxvdQoZykxIHioo7MvdDFuWi4XE9Gk5Q +uP4fgwh2PYgHhPIsCkp/fyPwe+HJ0VdeHhx1hYO3pwdv3huYhjQ0BPUdvUOLKG23 eJhUUkHofaM0WlWrSLWg7AoFuiZaKFnYoXKKPkIm/ACDLIST+g1BDvGSaA9wv0C/ k0itM9z2sbFChc0aMPxCobugn7AbUq0opA5Tpq4Ty8L8x+xRNPLvAxPk0NLDoXtpx igBQuB52uqkkrQVrUkVvo2006hwIfuSMPa/eCliZkxhClq8lMgVCe/pKQkwwrkRRZ bLPDBkA4vux/WUt1kQQGWtCMWfUYXsOSSJj/D8yWLYgy+xn46g9eUB6Yo7nul/H7T a/W2qKpGKf22BU4BVIwHFBSFaFp4gkUTBeFLr9FuDQE7GoZkJoODsT7ZdYt32oNq BEFh6n+ddQVXLFVUdZxIDfSrbIITlcb6l1WB01kGw8x27b69B2c4TiJOke2i93C33 UdmtfeQJ0pgeYocA5dgjo6Xkgnm0GYhTEHtFrq/6p9cVX0jQ/3yvNjpP/wIpA0EjB y7C3h6pL0phbOOcRIdFZ7TjCNMlTJ1w9LTQRiqe7+iMnujZlELXDLXvWtQ4K6S8t6 AS2dbWkpW3yiioUK1YEGoqjxuOuyd6uVwQfqFd++0MT+8kzp+0povfll9VUtmwBR s1urIkmKacUWAL/Lys4s+vbnod91e1/1z3372dPFt7lh3rZ+tHcu1Dqxn1rE1sM4t YsXWX9bf1j9b/3UedJxOt6LevLE485NVezoH/wMmeRSQ</latexit><latexit sha1_base64="yO2Zn07+38O Uq6e0Q1M8YE1mzNk=">AAAIfXicfVVbb9s2FFa7S9zs1m6PfWGnFkhXxbCcoGn31G JIlgJD4KVJerFcg6IomTB1CUklNlj1T+x1+2H7NduhZLuW5FaATep8Hw/PXX7GmV S93r83bn7x5Vdfb3VubX/z7Xff/3D7zo8XMs0Foeck5al47WNJOUvouWKK09eZoDj 2OX3lT38z+KsrKiRLkzM1z+goxlHCQkawAtGb3dmjfjCOH7nj23av+/TJ4/7+Y9Tr 9noHbt81m/7B/t4+ckFiHttaPIPxna13XpCSPKaJIhxLOXR7mRppLBQjnBbbXi5ph skUR3QI2wTHVI50aXGBHoAkQGEq4JcoVErXT2gcSzmPfWDGWE1kEzPCTdgwV+GTk WZJliuakOqiMOdIpci4jwImKFF8DhtMBANbEZlggYmCINVuURNB4UUohf2GP3oCqo SgYbG9yTAH/IeY09BZeGFW46d0IoGzCSMzJ865YiK9dkrXHT92FJ0pksaZY1SoNOW yfieYgk1B1KVSEK5m9Whjzh0SK5aN9GxepxvdQoZykxIHioo7MvdDFuWi4XE9Gk5Q +uP4fgwh2PYgHhPIsCkp/fyPwe+HJ0VdeHhx1hYO3pwdv3huYhjQ0BPUdvUOLKG23 eJhUUkHofaM0WlWrSLWg7AoFuiZaKFnYoXKKPkIm/ACDLIST+g1BDvGSaA9wv0C/ k0itM9z2sbFChc0aMPxCobugn7AbUq0opA5Tpq4Ty8L8x+xRNPLvAxPk0NLDoXtpx igBQuB52uqkkrQVrUkVvo2006hwIfuSMPa/eCliZkxhClq8lMgVCe/pKQkwwrkRRZ bLPDBkA4vux/WUt1kQQGWtCMWfUYXsOSSJj/D8yWLYgy+xn46g9eUB6Yo7nul/H7T a/W2qKpGKf22BU4BVIwHFBSFaFp4gkUTBeFLr9FuDQE7GoZkJoODsT7ZdYt32oNq BEFh6n+ddQVXLFVUdZxIDfSrbIITlcb6l1WB01kGw8x27b69B2c4TiJOke2i93C33 UdmtfeQJ0pgeYocA5dgjo6Xkgnm0GYhTEHtFrq/6p9cVX0jQ/3yvNjpP/wIpA0EjB y7C3h6pL0phbOOcRIdFZ7TjCNMlTJ1w9LTQRiqe7+iMnujZlELXDLXvWtQ4K6S8t6 AS2dbWkpW3yiioUK1YEGoqjxuOuyd6uVwQfqFd++0MT+8kzp+0povfll9VUtmwBR s1urIkmKacUWAL/Lys4s+vbnod91e1/1z3372dPFt7lh3rZ+tHcu1Dqxn1rE1sM4t YsXWX9bf1j9b/3UedJxOt6LevLE485NVezoH/wMmeRSQ</latexit>
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FIG. 10. All possible configurations of the reflection operations (a)
an atom x is reflected to another atom (−x + 2dm) in the same unit
cell. (b) an atom x is reflected to another atom (−x + 2dm) in the
different unit cell. (c) an atom x = dm is reflected to itself (x = dm)
in the same unit cell. The red color indicates the reflection image of
the atom at −x+ 2dm + 1 shift back to the same unit cell. (d) an atom
x = dm ± 0.5 is reflected to an identical atom (x = dm ∓ 0.5) in the
different unit cell.
The reflection operator in the unit-cell convention is trans-
formed to the cell-periodic convention by Eq. 1
R′k = U
†(k)RkU†(k) (A9)
To simplify the problem, we set the origin point at the center
of the unit cell and dm is the distance between the reflection
center and the origin point. Label x indicates the position of
the atom
x
Rk−→ −x + 2dm (A10)
Since there are four possible atom configurations under re-
flection, we discuss each case individually to find the explicit
form of the reflection operator in the cell-periodic convention.
(a) the reflection operator interchanging two atoms in the same
unit cell as illustrated in Fig. 10(a) is written as
Rk =
(
0 1
1 0
)
⊗ S (A11)
The k-independent matrix S represents degree of freedom in-
side the atom, such as spin index, and S 2 = 1. The transfor-
mation matrix is given by
U =
(
e−i(−x+2dm)k 0
0 e−ixk
)
⊗ 1, (A12)
where the positions x and −x+2dm are the atom and its reflec-
tion image in the same unit cell. Hence, the reflection operator
in the periodic-cell convention is written as
R′k = U
†(k)RkU†(k) = e2idmkσx ⊗ S (A13)
(b) the reflection of the atom B j is another atom A− j−1 in an-
other unit cell. Since −x + 2dm is the location of another unit
cell, the reflection atom has to shift back (+1) to the origi-
nal cell unit for the cell-periodic convention as illustrated in
Fig. 10(b). The transformation matrix between the two con-
ventions is based on these two locations
U(k) =
(
e−i(−x+2dm+1)k 0
0 e−ixk
)
⊗ 1 (A14)
The reflection operator in unit cell convention can be written
in the form of the annihilation and creation operators
Rˆ =
∑
j
[
B†jS A− j−1 + A
†
− j−1S B j
]
(A15)
=
∑
k
(A†−k B
†
−k)e
−ikσx ⊗ S
(
Ak
Bk
)
(A16)
Therefore, the reflection operator in matrix form in the unit-
cell convention is given by
Rk = e−ikσx ⊗ S (A17)
The expression of the reflection operator in periodic cell con-
vention can be written as
R′k = U
†(k)RkU†(k) = e2idmkσx ⊗ S (A18)
(c) as an atom is located at the reflection center (x = dm), the
reflection of the atom is itself as shown in Fig. 10(c)
dm
Rk−→ dm. (A19)
The reflection operator in unit cell convention clearly is given
by Rk = S describing the reflection operation inside the atom;
hence, the reflection operator in the periodic-cell convention
is given by
R′k = U
†(k)2 = e2idmkS , (A20)
where the transformation matrix is U(k) = e−idmk1.
(d) when an atom is located at another reflection center (dm ±
0.5), the reflection of the reflection maps to another unit cell
as shown in Fig. 10(d)
dm ± 0.5 Rk−→ dm ∓ 0.5, (A21)
and the reflection image shifts ±1 lattice constant back to the
original atom
dm ∓ 0.5 ±1−→ dm ± 0.5 (A22)
The reflection operator in the form of the second quantization
is given by
Rˆ =
∑
j
C†− j∓1SC j =
∑
k
C†−ke
∓ikSCk (A23)
Since the transform matrix U = e−i(dm±0.5)k, the reflection op-
erator in periodic convention is in the same expression
R′k = U
†(k)e∓ikU†(k) = e2idmkS , (A24)
Thus, the reflection operator in the cell-periodic convention
can be written in the form of Eq. 10
R′k = e
2idmkR0, (A25)
where R0 is a momentum-independent matrix and R20 = 1.
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3. Example for the Berry phase in the cell-periodic convention
We consider the toy model in the cell-periodic convention
and the reflection center is located at the center of the atom as
shown in Fig. 9; hence, the Hamiltonian (A2) in the unit-cell
convention is transformed to the cell-periodic convention
H(k) = UHr(k)U† = mσz + 2 cos(k/2)σx, (A26)
where U = diag(eik/2, 1), since eik/2 indicates the location of
atom A at x = −a/2 and 1 indicates the location of atom B
at the origin point. The reflection symmetry operator in this
convention is given by
R′k = U
†RkU† = σ0 (A27)
The additional phase of the reflection operator is absent since
the origin point and the reflection center are at the same loca-
tion. The occupied wavefunction with energy E− (Eq. A4) in
the unit-cell convention is given by (a) m > 0
|φm+− 〉 =
1√
2E+(E+ + m)
(
1 + cos k − sin ki
−E+ − m
)
(A28)
(b) m < 0
|φm−− 〉 =
1√
2E+(E+ − m)
( −E+ + m
1 + cos k + sin ki
)
(A29)
In the cell-periodic convention, the wavefunction is trans-
formed to
|um+− 〉 = U |φm+− 〉 =
1√
2E+(E+ + m)
(
2 cos(k/2)
−E+ − m
)
(A30)
|um−− 〉 = U |φm−− 〉 =
eik/2√
2E+(E+ + m)
( −E+ − m
2 cos(k/2)
)
(A31)
The Berry phases are given by
−i
∫ pi
−pi
〈um+− |∂k |um+− 〉dk = 0 (mod 2pi) (A32)
−i
∫ pi
−pi
〈um−− |∂k |um−− 〉dk = pi (mod 2pi) (A33)
The Berry phase is quantized as the origin point is the reflec-
tion center. However, pi Berry phase does not lead to the pres-
ence of the surface states since atom A is exactly located at the
reflection center and all of the occupied states are extended.
Appendix B: Example: absence of surface states
We provide a 1D model showing that for the reflection sym-
metric systems when the termination is not located at the re-
flection center, the end states are absent after and before the
bulk gap closes. The bulk gap closing point in the 1D model
can be extended to a 1D nodal ring protected by reflection
symmetry in a 3D semimetal. This result leads to the absence
of the drumhead surface states in both sides of the nodal line
when the termination is not at any reflection center.
The model we construct possesses four atoms (A, B, C, D)
in the unit cell. We choose the origin point at the center of the
unit cell and atom A, B, C, D are located at xA = −3a/8, xB =
−a/8, xC = a/8, xD = 3a/8 respectively. We build a spinless
Hamiltonian in the basis Φ j = (A j B j C j D j)T
Hˆ =
∑
j
(
Φ
†
j

V m i∆ 0
m −V b −i∆
−i∆ b −V m
0 i∆ m ∗ V
 Φ j
+
(
Φ
†
j+1

c/2 0 −i∆ b
0 c/2 0 i∆
0 0 c/2 0
0 0 0 c/2
 Φ j + h.c.
))
(B1)
The hopping terms and the sublattice potential are illustrated
in Fig. 11(a). The Hamiltonian in momentum space in the
unit-cell convention can be written as
H(k) =
V + c ∗ cos k m i∆(1 − e−ik) be−ik
m −V + c ∗ cos k b −i∆(1 − e−ik)
−i∆(1 − eik) b −V + c ∗ cos k m
beik i∆(1 − eik) m V + c ∗ cos k

(B2)
Since the reflection operation with the reflection center lo-
cated at the unit cell center exchanges atom A, D and atom B,
C, the reflection symmetry operator is given by
R =

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
 . (B3)
The Hamiltonian preserves the reflection symmetry by obey-
ing R−1H(−k)R = H(k). We choose the values of the pa-
rameters m = 0.4, c = 0.2, ∆ = 0.25, b = 0.5 and the
sublattice potential V can be tuned. The bulk energy disper-
sion in Fig. 11(b) shows the bulk gap closing at V = ±0.3 =
±√b2 − m2.
According to the locations of the atoms, the unitary ma-
trix transforms the system from the unit-cell convention to
the cell-periodic convention can be written in diagonal ma-
trix form U = diag(ei3k/8, eik/8, e−ik/8, e−3ik/8). To compute
the Berry phase in the cell-periodic convention, we first find
the two occupied states for the Hamiltonian (B2) in the unit-
cell convention and transform the wavefunctions to the cell-
periodic convention. Using the numerical method33, we ob-
tain that the Berry phase in the cell-periodic convention is pi
for −0.3 < V < 0.3 and 0 elsewhere. The termination is at the
unit cell boundary, which is a reflection center. As shown in
Fig. 11(c), the end state appears at −0.3 < V < 0.3 because pi
Berry phase indicates that a stable state is locked at the bound-
ary of the unit cell, which is the reflection center. The appear-
ance of the end state as V < −0.3 is rather accident, since the
zero-value Berry does not provide any protection.
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FIG. 11. The four-atom model shows that before and after the bulk
gap closing, the surface state is absent when the termination is not at
any reflection center. (a) illustrates the unit cell (green box) including
four atoms with hoppings and sub-potential. The dashed pink lines
represent the reflection centers. (b) the energy dispersion of the bulk
states shows the bulk gap closing at V = ±0.3. (c) the surface state
appears for V < 0.3 at the end of atom A as the termination is at
the boundary of the unit cell, which is the reflection center. (d) the
surface state is absent for V > −0.3 at the end of atom B as the
termination is not located at any reflection center. Therefore, the end
state is absent near the bulk gap closing point V = 0.3.
Now we consider the termination is in the middle of atom
A and B, which is not a reflection center, and redefine the ori-
gin point in the middle of atom C and D. The Berry phase
in periodic cell convention is given by pi for 0.3 < |V | and
0 elsewhere by using Eq. 12. However, pi Berry phase can-
not lead to the presence of the stable end state since the ter-
mination, which is not the reflection center, cannot lock one
state. Hence, Fig. 11(d) shows the absence of the end state
for −0.3 < V; the end state can be absent after and before the
bulk gap closing point V = 0.3. Thus, this model can be ex-
tended to the reflection symmetric nodal ring semimetals and
the drumhead surface is absent inside and outside the nodal
ring.
Appendix C: Space-time inversion symmetry
1. Unquantized Berry phase in the two conventions with
PT ′2 = 1
To explicitly show the unqauntized Berry phase in the unit-
cell convention when the space-time inversion symmetry op-
erator PT is momentum dependent, we adopt the Hamilto-
nian (A2). The Hamiltonian preserving PT symmetry obeys
PTHr(k)(PT )−1 = Hr(k), where the symmetry operator
PT = VkK =
(
1 0
0 eik
)
K (C1)
satisfies PT 2 = 1. Since the Hamiltonian is identical to the
reflection case, the Berry phase is identical to Eq. A8. Hence,
again the Berry phase is unqauntized.
The Hamiltonian (A2) in the unit-cell convention can be
transformed to the expression (A26) in the cell-periodic con-
vention by using the unitary matrix U = diag(eik/2, 1) as the
location of atom B is the spatial origin. The space-time inver-
sion operator in this convention is given by
PT ′ = UVkUK = eikσ0K (C2)
The Hamiltonian (A26) obeys space-time inversion symmetry
equation H′∗(k) = H(k). Since the Berry phase has been cal-
culated in appendix A 3, eq. A33 gives Berry phase P′ = pi
for m < 0. Again, since all of the atoms are located at the
inversion centers and all of the occupied states are extended.
Therefore, it is not possible to possess an end state protected
by space-time inversion symmetry.
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